Bilattices were introduced and applied by Ginsberg and Fitting for a diversity of applications, such as truth maintenance systems, default inferences and logic programming. In this paper we investigate the structure and properties of a particularly important class of bilattices called interlaced bilattices (introduced by Fitting). The main results are that every interlaced bilattice is isomorphic to the Ginsberg-Fitting product of two bounded lattices and that the variety of interlaced bilattices is equivalent to the variety of bounded lattices with two distinguishable distributive elements which are complements of each other . This implies that interlaced bilattices can be characterized using a nite set of equations. Our results generalize to interlaced bilattices results of Ginsberg, Fitting and J onsson for distributive bilattices.
Introduction
The notion of a bilattice was introduced by Ginsberg in Gi88] as a general framework for a diversity of applications, such as truth maintenance systems, default inferences and others. The notion was further investigated and applied for logic programming by Fitting ( Fi89] , Fi90], Fi91], Fi94]). The main idea behind bilattices is to use structures in which there are two partial order relations, having di erent interpretations. There should, of course, be a connection between the two relations. Ginsberg uses for this an operation of negation which is order preserving w.r.t. one, an involution w.r.t. to the other. Another connection he considered is distributive laws (12 altogether). This was generalized by Fitting who introduced the notion of an interlaced bilattice, in which all the basic bilattice operations are order preserving w.r.t. both partial orders.
The structure of distributive bilattices is well understood since Ginsberg and Fitting proved a characterization theorem for them, to the e ect that each such bilattice is isomorphic to a certain product of two distributive bounded lattices. Fitting has further observed that if we apply that construction to any two bounded lattices (not necessarily distributive)
we get an interlaced bilattice. The converse, however, was not established, and the structure of interlaced bilattices has not, so far, been well understood.
In this paper we thoroughly investigate the structure of interlaced bilatttices (with and without negation), and their important properties. Our main result is a generalization to interlaced bilattices of the Ginsberg-Fitting characterization of distributive bilattices (i.e. the converse of Fitting's observation). Other central results are characterizations using equational bases and the equivalence of the variety of interlaced bilattices with the variety of bounded lattices with two complementary, distributive elements. (This generalizes to interlaced bilattice results of J onsson in Jo94] for distributive bilattices.)
Note
In order to make the presentation complete and self-contained, we repeat, together with the appropriate references, some short proofs which have already appeared elsewhere. 
De nition
A unary operation on an IBL B is called negation if it is order-preserving with respect to k and an involution w.r.t. t . In other words, is negation if
Notes 1. Ginsberg's original de nition of a bilattice in Gi88] is: a structure which satis es the rst two conditions in de nition 1 (+ completeness) and has a negation. 
Proposition
(1) 
Note
For distributive bilattices 2.8 is an immediate corollary of 2.5 and 2.6 (an so { of 2.6)
We end this section with a result which was shown for distributive bilattices in Jo94].
2.9 Proposition Then, for all a; b: To prove existence, we use the two condidates that are naturally suggested by the proof of uniqueness (and are the ones used also in Gi88] and Fi90] for distributive bilattices): Other characterizations are easy consequences of 3.3.
Proposition
A structure B = hB ; t ; k i is a complete IBL i there exist two complete lattices L; R such that B is isomorphic to L R.
Proof
The \if" part is straightforward. 
Immediate from 4.4 and 2.9.
An Example
The bilattice DEFAULT of Ginsberg ( Gi88] ) has seven elements and is not trivial. Hence it is not interlaced.
A similar negative criterion for IBLs with negation is given in the next corollary. 
Since the variety of bounded lattices has an equational basis (i.e. can be de ned by a set of equations { see Bi48]), so does the variety of potential IBLs.
Our next proposition shows that the set of equations in the equational basis for potential IBLs can be reduced somewhat.
Proposition
The set of 6 equations in (I) and (II) of 5.1 can be replaced by the following two equations.
For one direction, assume (I) and (II). Then
For the converse, assume (i),(ii) and the equations in III of 5.1. Substituting > for x in (i) and ? for x in (ii), we get the equations in (I). Next we prove the rst equation in II as an example, leaving the rest to the reader:
] by (I), which has already been proved, = (a t) (a b f) (a t) + (a b)
The main theorem of this section is the following.
Theorem
The varieties of IBLs and of potential IBLs are equivalent. 2. Uniqueness is obvious from the following two equations, the validity of which in every IBL can easily be checked using 3.3:
It remains to show that by using equations ( ) and ( ) to de ne^and _ in a given potential IBL B, we really get an IBL.
To make reading easier we shall write (until the end of this proof) + instead of , xy instead of x y, and we shall omit parentheses in the usual way. For example, ( ) and ( ) above will be rewritten as follows:
( ) x _ y = tx + ty + fxy ( ) It remains to show that hB ; k ; t i is interlaced. Now the fact that if x k y then x _ z k y _ z and x^z k y^z easily follows from the de nitions of _ and^and the fact that the lattice operations and are order preserving w.r.t. k . The proof of the theorem will be concluded, therefore, by the following two lemmas. 
Proof of Lemma 3
We are assuming that y = x_y = tx+ty+fxy. We want to prove that (x+z)_(y+z) = y+z (x + z) _ (y + z) = t(x + z) + t(y + z) + f(x + z)(y + z) = f; t are complementary, but there is no way to de ne an appropriate t . This is an immediate consequence of 4.5.
Corollary
A nite lattice which has a prime number of elements and two complementary elements, di erent from the l.u.b and g.l.b of the lattice, cannot be distributive.
Proof
Again, this follows from 5.4 and 4.5.
2
We end with the following observation:
Theorem
The variety of interlaced bilattices can be de ned by a set of equations.
Proof
The 
